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Representations of the n-dimensional quantum
torus
Ashish Gupta
Abstract
The n-dimensional quantum torus Oq((F
×)n) is defined as the as-
sociative F -algebra generated by x1, · · · , xn together with their inverses
satisfying the relations xixj = qijxjxi, where q = (qij). We show that
the modules that are finitely generated over certain commutative sub-
algebras B are B-torsion-free and have finite length. We determine the
Gelfand-Kirillov dimensions of simple modules in the case when
K.dim(Oq((F
×)n)) = n− 1,
where K.dim stands for the Krull dimension. In this case if M is a simple
Oq((F
×)n)-module then G K -dim(M) = 1 or
G K -dim(M) ≥ G K -dim(Oq((F
×)n))− GK -dim(Z(Oq((F
×)n)))− 1,
where Z(C) stands for the center of an algebra C. We also show that
there always exists a simple F ∗A-module satisfying the above inequality.
1 Introduction
The n-dimensional quantum torus Oq((F
×)n) is defined as the (associative) F -
algebra which is generated by the variables x1, x2, · · · , xn together with their
inverses satisfying the relations
xixj = qijxjxi (1)
where 1 ≤ i, j ≤ n and q = (qij).
It plays an important role in non-commutative geometry and the theory of
quantum groups. The case n = 2 happens to be relatively well studied (see [10]
and [8]). Here we consider the general case and in particular the structure and
growth of modules.
It is well-known that the n-dimensional quantum torus has the structure of
a twisted group algebra F ∗A of a free abelian group of rank n over the field F .
The subgroups B ≤ A so that the corresponding sub-algebra F ∗B commutative
play an important role. For example we have the following result.
Theorem 1.1 (Theorem A of [2]). The Krull and global dimensions of a twisted
group algebra F ∗A equals the supremum of the ranks of subgroups B ≤ A so
that F ∗B is commutative.
Our first result describes the structure of the F ∗A-modules that are finitely
generated over a sub-algebra F ∗B such that F ∗B is commutative.
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Theorem 4.1. Suppose that the quantum torus F ∗A has center F . Let M be
a nonzero finitely generated F ∗A-module. Let C < A be a subgroup having a
subgroup C0 of finite index such that F ∗C0 is commutative. If M is finitely
generated as an F ∗C-module then,
(i) G K -dim(M) = rk(C),
(ii) M is F ∗C-torsion-free,
(iii) M has finite length,
(iv) M is cyclic.
1.1 Gelfand-Kirillov dimension of simple modules.
Let A be an affine algebra of finite Gelfand–Kirillov dimension (GK dimension)
say d. If M is a finitely generated A-module then
0 ≤ G K -dim(M) ≤ G K -dim(A)
holds (e.g., [9, Proposition 5.1(d)]). However, not all values between 0 and
G K -dim(A) can be attained by the GK dimension of a finitely generated A-
module. For example, as is well known if A = An(k) the n-th Weyl algebra over
a field of characteristic zero, then the famous inequality of Bernstein says that
G K -dim(M) ≥
1
2
G K -dim(An(k)).
The question arises as to what values can be assumed by the GK dimensions
of simple A-modules. For example, if n ≤ l ≤ 2n − 1 there exists a simple
An(C)-module Sl with G K -dim(Sl) = l (see [5]). The next question we take
up concerns the GK dimension of simple modules over the quantum tori. In
[12], it was shown that if dim(F ∗A) = 1 then each simple F ∗A-module N
satisfies G K -dim(N) = rk(A)− 1. Here dim(F ∗A) stands for either the Krull
or the global dimension of the quantum torus F ∗A.
Note that dim(F ∗A) satisfies
1 ≤ dim(F ∗A) ≤ rk(A).
If dim(F ∗A) = rk(A) then by Theorem 1.1 the algebra F ∗A is a finite normal-
izing extension of F ∗A′, where the sub-algebra F ∗A′ is commutative and so
(e.g., [15, Exercise 15A.3]) a simple F ∗A-module is a finite direct sum of simple
F ∗A′-modules. Using this and the fact that simple modules over commutative
affine algebras are finite dimensional it can be easily deduced that in this case
G K -dim(S) = 0 for each simple F ∗A-module S.
Here we consider the case dim(F ∗A) = n − 1. We obtain the following
results.
Theorem 5.1. Let M be a simple-F ∗A-module, where dim(F ∗A) = rk(A)−1.
Let Z be the subgroup of A such that Z(F ∗A) = F ∗Z. Then either
G K -dim(M) = 1, or
G K -dim(M) ≥ rk(A) − rk(Z)− 1.
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There always exists a simple F ∗A-module satisfying the inequality given in
the last theorem.
Theorem 5.3. Suppose that dim(F ∗A) = rk(A) − 1. There exists a simple
F ∗A-module M with
G K -dim(M) ≥ rk(A) − rk(Z)− 1,
where Z is the unique subgroup of A so that
Z(F ∗A) = F ∗Z.
Finally, we remark that it seems to be quite difficult to determine the possible
values of GK-dimensions of simple modules over the quantum tori F ∗A such
that
2 ≤ dim(F ∗A) ≤ n− 2
It seems to depend on the defining parameters qij
2 The twisted group algebra structure
Let F ∗ := F \ {0}. Let A denote a finitely generated free abelian group. We
denote by rk(A) the (torsion-free ) rank of A. An F -algebra A is a twisted group
algebra F ∗A of A over F if A has a copy A := {a¯ : a ∈ A} of A which is an
F -basis and such that the multiplication in A satisfies
a¯1a¯2 = τ(a1, a2)a1a2 ∀a1, a2 ∈ A, (2)
where τ : A×A→ F ∗ is a function satisfying
τ(a1, a2)τ(a1a2, a3) = τ(a2, a3)τ(a1, a2a3) ∀a1, a2, a3 ∈ A.
For a1, a2 ∈ A, it easily follows from (2) that the group-theoretic commutator
[a¯1, a¯2] ∈ F
∗.
2.1 Commutator calculus
It follows from the basic properties of commutators (e.g., [14, Section 5.1.5])
that
[a¯1a¯2, a¯3] = [a¯1, a¯3][a¯2, a¯3], (3)
[a¯1, a¯2a¯3] = [a¯1, a¯2][a¯1, a¯3], (4)
[a¯1, a¯
−1
2 ] = [a¯1, a¯2]
−1, (5)
[a¯−11 , a¯2] = [a¯1, a¯2]
−1 ∀a1, a2, a3 ∈ A. (6)
For a subset X of A, we define X = {x¯ : x ∈ X}. If X,Y ⊂ A, we set
[X,Y ] = 〈[x¯, y¯] : x ∈ X, y ∈ Y 〉.
If α ∈ F ∗A, we may express α =
∑
a∈A λaa¯, where λa ∈ F and λa = 0 for
almost all a ∈ A. We define the support of α (in A) as
Supp(α) = {a ∈ A | λa 6= 0}.
Note that for a subgroup B of A, the sub-algebra generated by B ⊂ F ∗A is a
twisted group algebra F ∗B. It is described as
F ∗B = {β ∈ F ∗A | Supp(β) ⊂ B}
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2.2 The center
It was shown in [12, Proposition 1.3] that an algebra F ∗A is simple if and only
if it has center F . The following fact might be quite expected.
Proposition 2.1. An algebra F ∗A has center exactly F if and only if for each
subgroup A1 < A with finite index F ∗A1 has center F .
Proof. Suppose that F ∗A has center F . Let A1 ≤ A be a subgroup such
that l := [A : A1] < ∞. We claim that F ∗A1 also has center F . Using [12,
Proposition 1.3], we may assume that a¯1 is central in F ∗A1 for 1 6= a1 ∈ A1.
For any a ∈ A, (3) and (4) yield:
[a¯l1, a¯] = [a¯1, a¯]
l = [a¯1, a¯
l] = 1,
where the last equality holds since al ∈ A1. Since A is torsion-free by definition,
1 6= al1. Thus a¯
l
1 is a non-scalar central element of F ∗A. The converse is
clear.
It may also be expected that the center of a twisted group algebra has the
form F ∗B for a subgroup B ≤ A.
Proposition 2.2. The center of a twisted group algebra F ∗A has the form
F ∗B for a suitable subgroup B in A.
Proof. Let Z be he center of the algebra F ∗A and ζ ∈ Z. Write ζ =
∑t
i=1 λizi.
Let A = 〈x1, · · · , xn〉 The condition ζ ∈ Z is equivalent to the n conditions
[x¯i, ζ] = 0, where 1 ≤ i ≤ n and [a, b] stands for the lie commutator [a, b] =
ab− ba. Now
[x¯i, ζ] = [x¯i,
t∑
j=1
λjaj ]
=
t∑
j=1
λj [xi, aj ].
From the defining relations we have [x¯, y¯] = γ(x, y)xy, where γ(x, y) ∈ F .
Therefore
[x¯i, ζ] =
t∑
j=1
λjγ(x¯i, a¯j)xiaj .
Hence [xi, ζ] = 0 if and only if γ(x¯i, a¯j) = 0. But this means that [x¯i, a¯j ] = 0
and so a¯j ∈ Z. Thus Z = F ∗B where
B := 〈∪Supp(ζ) | ζ ∈ Z〉.
2.3 Localization
It is well-known (see, for example, [13, Lemma 37.8]) that for subgroups B ≤ A
the subsets XB := F ∗B \ {0} are Ore subsets in the algebra F ∗A and the
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latter has a (right) Ore localization with respect to XB which we denote as
(F ∗A)X−1B .
The localization has the structure of a crossed product of the groupA/B over
the quotient division ring DB of F ∗B. We refer the reader to [13] for details
on crossed products. Recall that if M is an F ∗A-module the corresponding
localization M(X )−1 is a module for (F ∗A)X−1B . We refer the reader to [6] for
a discussion of localization in a general non-commutative setting.
Let M be an F ∗A-module and C ≤ A. As we noted above X := F ∗C \ {0}
is an Ore subset in F ∗A. The subset TX (M) of M defined by
TX (M) := {x ∈M | m.x = 0, x ∈ X}
is a submodule of M and is known as the X -torsion submodule of M . We will
abuse notation somewhat and call it the F ∗C-torsion submodule of M .
3 The GK dimension of an F ∗A-module
In this section we shall describe a dimension for finitely generated F ∗A-modules
introduced in [3] that coincides with the GK dimension. More precisely, given
a finitely generated F ∗A-module M it is shown in [3] that G K -dim(M) is the
supremum of the ranks of subgroups B ≤ A so that M is not F ∗B-torsion. We
shall use the notation
B ⊲⊳ M
to denote the fact that M is not F ∗B-torsion. In [3] it was also shown
that for each choice of (free) generators A : 〈x1, x2, · · · , xn〉 there is a subset
〈xi1 , xi2 , · · · , xik〉 of the generators so that
〈xi1 , xi2 , · · · , xik〉 ⊲⊳ M
and k = G K -dim(M). In this case we may localize M at the nonzero elements
of F ∗〈xi1 , xi2 , · · · , xik〉 and the nonzero module of fractions thus obtained is
necessarily finite dimensional as a vector space over the quotient division ring
of F ∗〈xi1 , xi2 , · · · , xik 〉. In this situation the following holds.
Lemma 3.1 (Lemma 4.1 of [7]). Suppose that F ∗A has a finitely generated
moduleM and A has a subgroup C with A/C torsion-free, rk(C) = G K -dim(M),
and F ∗C commutative. Suppose moreover that M is not F ∗C-torsion. Then
C has a virtual complement E in A such that F ∗E is commutative. Further-
more given Z-bases {x1, · · · , xr} and {x1, · · · , xr, xr+1, · · · , xn} for C and A
respectively there exist monomials µj, where j = r + 1, · · ·n, in F ∗C, and an
integer s > 0 such that the monomials µj x¯
s
j commute in F ∗A.
Remark 3.2. In the case A/C is not torsion-free A has a subgroup A1 of fi-
nite index so that A1/C is torsion-free. Moreover M is also a finitely generated
F ∗A1-module with the same GK dimension. We may thus apply the foregoing
lemma which gives a virtual complement E1 of C in A1 so that F ∗E1 is com-
mutative. But then E1 is also a virtual complement of C in A. Hence the first
part of Lemma 3.1 holds true even when A/C is not torsion-free.
In practice it is much more useful to work with the so-called critical modules.
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Definition 3.3. An F ∗A-module is said to be critical if M is nonzero and
every proper quotient M/N of M satisfies
G K -dim(M/N) < G K -dim(M), 0 < N < M.
In [3] the following property was shown for the GK dimension of F ∗A-
modules.
Proposition 3.4 (Lemma 2.2 of [3]). Let M be an F ∗A-module with a sub-
module N . Then
G K -dim(M) = max(G K -dim(N),G K -dim(M/N))
The usefulness of the concept of a critical module owes itself to the following
fact.
Proposition 3.5 (Lemma 2.5 of [3]). Each nonzero F ∗A-module contains a
critical submodule.
4 Finite length modules
We have the following result.
Theorem 4.1. Let M be a nonzero finitely generated F ∗A-module where F ∗A
has center F . Let C < A be a subgroup having a subgroup C0 of finite index
such that F ∗C0 is commutative. If M is finitely generated as an F ∗C-module
then,
(i) G K -dim(M) = rk(C),
(ii) M is F ∗C-torsion-free,
(iii) M has finite length.
Proof. (i) We shall denote the module M regarded as F ∗C-module as MC . By
hypothesis MC is finitely generated and so MC0 is also finitely generated where
MC0 denotes MC viewed as F ∗C0-module. By [3, Lemma 2.7],
G K -dim(M) = G K -dim(MC) = G K -dim(MC0).
If G K -dim(M) < rk(C) we may pick a subgroup E0 < C0 with rk(E0) < rk(C0)
such that E0 ⊲⊳ MC0 and G K -dim(M) = rk(E0) .
By Lemmma 3.1 and Remark 3.2, E0 has a virtual complement E1 in A
such that F ∗E1 is commutative. Since rk(E1)+rk(C0) exceeds rk(A), therefore
E1 ∩ C0 > 〈1〉. Moreover as E1E0 has finite index in A, hence E1C0 has finite
index in A. But E1 ∩ C0 is central in F ∗(E1C0) and hence by Proposition
2.1, F ∗A has center larger than F . This is contrary to the hypothesis in the
theorem. So
G K -dim(M) ≥ rk(C).
But the GK-dimension of an algebra A bounds the GK-dimensions of it’s mod-
ules ([9][Proposition 5.1(d)]) and so
G K -dim(M) ≤ G K -dim(F ∗C) = rk(C).
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(ii) Suppose that the F ∗C-torsion submodule T of M is nonzero. We recall
that T is an F ∗A-submodule of M . Applying part (i) of the theorem just
established to T we obtain G K -dim(T ) = rk(C).
From Section 3 we know that in this case C ⊲⊳ T . However, this is contrary
to the definition of T as the F ∗C-torsion submodule of M . Hence T = 0 and
M is F ∗C-torsion-free.
(iii) We first note that by part (i) and Proposition 3.4 each nonzero subfactor
of M has the same GK dimension as M . It now follows from [12, Lemma 5.6]
and [12, Section 5.9] that every descending chain in M is eventually constant.
5 The GK dimensions of simple modules
In this section we aim to determine the GK dimensions of simple F ∗A-modules.
This may depend to a large extent on the defining parameters qij . In [12] it
was shown that when dim(F ∗A) = 1, then each simple F ∗A-module has GK
dimension equal to rk(A) − 1.
In general the GK dimensions of simple F ∗A-modules depends on the defin-
ing co-cycle. But in the case dim(F ∗A) = rk(A) − 1, we have the following
result.
Theorem 5.1. Let M be a simple-F ∗A-module, where dim(F ∗A) = rk(A)−1.
Let Z be the subgroup of A such that Z(F ∗A) = F ∗Z Then either G K -dim(M) =
1 or
G K -dim(M) ≥ rk(A) − rk(Z)− 1.
Remark 5.2. We observe that rk(Z) ≤ rk(A)−2. Otherwise A contains a sub-
group A′ of finite index such that F ∗A′ is commutative but this would contradict
Theorem 1.1.
Proof. Since dim(F ∗A) = rk(A) − 1, by Theorem 1.1 A contains a subgroup
C with co-rank one such that F ∗C is commutative. However note that A/C
need not be infinite cyclic. In the case it is
F ∗A = (F ∗C)[X±1n , σ], (7)
that is, F ∗A is a skew-Laurent extension of F ∗C. Here σ is the automor-
phism of F ∗C defined by γ 7→ XnγX
−1
n , where Xn denotes the image of a
generator of A modulo C.
In the general case let C be embedded in a subgroup A′ so A′/C is infinite
cyclic. Then the remarks made above apply to F ∗A′. Now F ∗A is a finite
normalizing extension of F ∗A′ and so (e.g., [15, Exercise 15A.3]) a simple F ∗A-
module is a finite direct sum of simple F ∗A-modules. As the GK dimension
of a direct sum is the maximum of the of the GK dimensions of its summands
([9, Proposition 5.1]), it suffices to prove the theorem for F ∗A′. We may thus
assume that A/C is infinite cyclic.
Now let S be a simple F ∗A-module. Let L be a finitely generated critical
F ∗C-submodule of S. Consider the F ∗A submodule L1 := L(F ∗A). Since S
is simple L1 = S.
Now L1 =
∑
i∈Z LX
i. There is a surjective map θ from the induced module
⊕i∈ZLX
i ∼= L⊗F ∗B F ∗A
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to L1. If this map is an isomorphism then L is also simple and
G K -dim(L1) = G K -dim(L) + 1
by [3, Lemma 2.3]. Since F ∗C is commutative affine algebra L is finite dimen-
sional (over F ) by the Nullstellensatz (see [11, Section ]). As the GK dimension
of a finite dimensional module is zero, it follows that G K -dim(L1) = 1.
Now suppose that ker θ 6= 0. Then G K -dim(L) = G K -dim(L1) by [3,
Lemma 2.4]. Let l := G K -dim(L1) and C = 〈y1, y2, · · · , yn−1〉. Since A/C is
infinite cyclic we may write A = 〈y1, y2, · · · , yn−1, yn〉.
By the criterion for the GK dimension of an F ∗A-module (Section 3) we
can pick l generators, say y1, y2, · · · , yl such that
〈y1, y2, · · · , yl〉 ⊲⊳ L.
But then
〈y1, y2, · · · , yl〉 ⊲⊳ L1.
By Lemma 3.1, there are monomials µ1, µ2, · · · , µn−l in y¯1, · · · , y¯l so that
µ1y¯
s
l+1, µ2y¯
s
l+2, · · · , µn−ly¯
s
n
is a system of n− l independent commuting monomials. It is clear that the first
n− l − 1 monomials centralize F ∗C since F ∗C is commutative.
Next we observe that if 1 ≤ t ≤ n− l − 1 then
1 = [µty¯
s
l+t, µn−ly¯
s
n] = [µty¯
s
l+t, y¯
s
n] = [(µty¯
s
l+t)
s, y¯n] = [µ
s
t y¯
s2
l+t, y¯n]
noting Section 2.1. Hence the system {µst y¯
s2
l+t}
n−l−1
t=1 of independent monomials
centralizes the algebra F ∗A.
It follows that
rk(Z) ≥ n− l − 1
which gives the desired inequality.
Theorem 5.3. Suppose that dim(F ∗A) = rk(A) − 1. There exists a simple
F ∗A-module M with
G K -dim(M) ≥ rk(A) − rk(Z)− 1,
where Z is the unique subgroup of A so that
Z(F ∗A) = F ∗Z.
Proof. Set S = F ∗C\{0}. Then using equation (7), the localization (F ∗A)S−1
is a skew-Laurent extension
R := (F ∗A)S−1 = DC [X
±1, σ]
where DC stands for the quotient division ring of F ∗C and σ is the automor-
phism of DC defined by σ(f) = XnfX
−1
n for f ∈ DC . Let r be an irreducible
element in the non-commutative PLID R such that (F ∗A)∩ rR contains a uni-
tary element of F ∗A, that is, an element α such that in the unique expression
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α =
∑h
i=l γiX
i
n the coefficients of the lowest and the highest powers of xn are
units in F ∗C.
It is not difficult to find examples of such elements r. For example, u1Xn+u2,
where ui is a unit in F ∗C is a linear polynomial in DC [X
±1, σ] and so is
irreducible. Let
M(r) := (F ∗A)/J(r),
where J(r) := (F ∗A)∩ rR. Note that rR is a maximal right ideal in R. By [4,
Lemma 3.4(1)], we know that M(r) is a simple F ∗A-module if and only if
HomF ∗A(M(r), N) = 0
for all F ∗C-torsion simple F ∗A-modules N . Suppose this last condition holds
true so that M(r) is a F ∗C-torsion-free simple F ∗A-module. Moreover as it
is F ∗C-torsion-free
G K -dim(M(r)) ≥ rk(C) = n− 1.
Otherwise by [1, Proposition 2.1], M(r) and so N is finitely generated as
F ∗C-module. Now a reasoning similar to the one given in the proof of the last
theorem with N in place of L shows that
G K -dim(N) ≥ rk(A) − rk(Z)− 1.
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